Rules for integrands of the form (a +bTan[e + fx])™ (A+BTan[e + fx] +CTan[e + f x]?)

1: j(a+bTan[e+fx])"' (A+ATan[e+-Fx]2) dx

Derivation: Integration by substitution
Basis:F[bTan[e+fx]] (A+ATan[e+fx]?) == A Subst[F[x], x, bTan[e+fx]] dx (bTan[e+fx])

Rule:

J‘(a+bTan[e+-Fx])"1 (A+ATan[e+-Fx]2) dx — :TSubst[J(a+x)mdx, X, bTan[e+-Fx]]

Program code:

Int[(a_.+b_.«tan[e_.+f_.#x_] ) m_.x (A_+C_.»tan[e_.+f_.»x_]"2),x_Symbol] :
A/ (bxf) xSubst[Int[ (a+x) *m,x],X,bsTan[e+fxx]] /;
FreeQ[{a,b,e,f,A,C,m},x] & EqQ[A,C]

Int[(a_.+b_.xcot[e_.+f_.*x_]) m_.x (A_+C_.xcot[e_.+f_.»x_]*2),x_Symbol] :
-A/ (bf) xSubst[Int[ (a+x) m,x],x,bxCot[e+f+x]] /;
FreeQ[{a,b,e,f,A,C,m},x] & EqQ[A,C]



Rules for integrands of the form (a+b tan[e+f x])~"m (A+B tan(e+f x)+C tan(e+f x)"2)

2: j(a+bTan[e+fx])'" (A+BTan[e+-Fx] +CTan[e+-Fx]2) dx when Ab>-abB+a%2C=0

Derivation: Algebraic simplification

Basis: If Ab®-abB+a®C=0,thena+sz+cz?= 2 (a+bz) (bB-aC+bCz)

Rule: If Ab2-abB +a%C == 9, then

J(a+bTan[e+-Fx])"' (A+BTan[e+-Fx] +CTan[e+fx]2) dx — lj'—zJ(a+bTan[e+1=x])'"+1 (bB—aC+bCTan[e+fx]) dx

Program code:
Int[(a_.+b_.«tan[e_.+f_.xx_] ) m_.x (A_.+B_.+tan[e_.+f_.xx_]+C_.xtan[e_.+f_.»x_]"2),x_Symbol] :=
1/b~2+Int[ (a+bxTan[e+fxx])~ (m+1) xSimp [bxB-axC+bxCxTan [e+fxx],x],x]| /;
FreeQ[{a,b,e,f,A,B,C,m},x| & EqQ[Axb"2-axbxB+a"2xC,0]
Int[(a_.+b_.+tan[e_.+f_.*x_] ) m_.x (A_.+C_.+tan[e_.+f_.xx_]"2),x_Symbol] :=

-C/b"2xInt [ (a+bxTan[e+fxx])~ (m+1) « (a-bxTan[e+fxx]),x] /;
FreeQ[{a,b,e,f,A,C,m},x] & EqQ[Axb"2+a"2xC,0]

3. j(a+bTan[e+fx])'" (A+BTan[e+fx] +CTan[e+-Fx]2) dx when Ab2-abB+a?C#0
1. J\(a+bTan[e+Fx])m (A+BTan[e+fx] +CTan[e+-Fx]2) dx when Ab>-abB+a2C#0 A ms -1

1: j(a+bTan[e+fx])'" (A+BTan[e+-Fx] +CTan[e+-Fx]2) dx when Ab2-abB+a?C#0 Ams<-1A a2+b%==0

Derivation: Algebraic expansion, symmetric tangent recurrence 2b with m — @ and symmetric tangent recurrence 2a with
A-0,B->1,m->1

Rule:If Ab2-abB+a?C+0 Am=<-1 A a?+b? ==0,then



Rules for integrands of the form (a+b tan[e+f x])~"m (A+B tan(e+f x)+C tan(e+f x)"2)

J(a+bTan[e+-Fx])'" (A+BTan[e+-Fx] +CTan[e+fx]2) dx —

j(a+bTan[e+-Fx])'" (A+BTan[e+fx]) dlx+CJ-(a+bTan[e+-Fx])'"Tan[e+-Fx]2d1x —

(aA+bB-aC) Tan[e+fx] (a+bTan[e+fx])" 1 .
_ - * JXa+bTmﬂe+fx”m+ ((bB -acC)+aA(2m+1) - (bC (m-1) + (Ab-aB) (m+1)) Tan[e + fx]) dx
2afm 2a‘m

Program code:

Int[(a_.+b_.«tan[e_.+f_.xx_] ) m_.x(A_.+B_.+tan[e_.+f_.»x_]|+C_.xtan[e_.+f_.*x_]"2),x_Symbol] :=
—(a*A+b*B-a*C)*Tan[e+f*x]*(a+b*Tan[e+f*x])Am/(z*a*f*m) +
1/ (2%a”2xm) *Int[ (a+b*Tan [e+'F*X] )" (m+1) *Simp[ (bxB-axC) +axA% (2xm+1) — (b*Cx (m-1) + (Axb-a%B) * (m+1) ) xTan [e+'F*X] ,X] ,X] /5
FreeQ[{a,b,e,f,A,B,C},x] & NeQ[Axb"2-axbxB+a~2+C,0] && LeQ[m,-1] && EqQ[a~2+b"2,0]

Int[(a_.+b_.«tan[e_.+f_.*x_] ) m_.x(A_.+C_.+tan[e_.+f_.xx_]|"2),x_Symbol] :=

- (axA-axC) xTan [e+f*x] * (a+b*Tan [e+-F*x] ) "m/(z*a*f*m) +

1/ (2%a”*2xm) *Int [ (a+b*Tan [e+-F*x] )" (m+1) *Simp [—a*C+a*A* (2x¥m+1) - (b*Cx (m-1) +Axbx (m+1) ) xTan [e+-F*x] ,X] ,X] /5
FreeQ[{a,b,e,f,A,C},x] && NeQ[Axb"2+a"2xC,0] & LeQ[m,-1] && EqQ[a"2+b"2,0]

2. J(a+bTan[e+-Fx])"' (A+BTan[e+-Fx] +CTan[e+-Fx]2) dx when Ab?-abB+a2C#0 Ams<-1 A a2+b%>#0

A+BTan[e+fx] +CTan[e+-Fx]2
1. J‘ dx when Ab>-abB+a?C#0 A a2+b%#0
a+bTan[e+-Fx]

A+BTan[e+-Fx] +CTan[e+-Fx]2
1:J dx when a2+b%>#0 A Ab-aB-bC=0
a+bTan[e+-Fx]

Derivation: Algebraic expansion

: Ab2-abB+a?C) (1+22
Basis: If Ab—aB - bC - @, then A:Bz:Cz2 __ aAsbBac , [Ab-abB:a’() (1.2
’ atbz a%+b? (a2+b?) (a+bz)

Note:If a2 +b?+0 A Ab-aB-bC=-90,thenAb>-abB+a%C + 0.
Rule:1f a2 +b%>+0 A Ab-aB-bC == 0,then
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+

A+BTan[e+1:x]+CTan[e+1Cx]2 (aA+bB-aC)x Ab2-abB+a2C 1+Tan[e+1“x]2
dx — J~
J a+bTan[e+-Fx] a’ + b? a2 + b?

dx
a+bTan[e+fx]

Program code:

Int[(A_+B_.xtan[e_.+f_.xx_]+C_.+tan[e_.+f_.xx_]*2)/(a_.+b_.xtan[e_.+f_.+x_]),x_Symbol] :=
(axA+bxB-axC) *x/ (a*2+b"2) +
(Axb”2-axbxB+a”2xC) / (a”2+b”2) xInt [ (1+Tan [e+f*x] "2)/(a+b*Tan [e+f*x] ) ,x] /3
FreeQ[{a,b,e,f,A,B,C},x] & NeQ[a"2+b"2,0] && EqQ[Axb-axB-bxC,0]

A+BTan[e+fx] +CTan[e+-Fx]2
Z'J dx when Ab?-abB+a?C#0 A a2+b>#0 A Ab-aB-bC#0

a+bTan[e+fx]

A+BTan[e+-Fx] +CTan[e+1:x]2
1:J dx when A-C+#0

Tan[e+fx]

Derivation: Algebraic expansion

Rule: If A-C # 9, then

J-A+BTan[e+-Fx] +CTan[e+1‘x]2

dlx—»Bx+AJ dlx+CJTan[e+-Fx]dlx

Tan[e+fx] Tan[e+-Fx]

Program code:

Int[(A_+B_.xtan[e_.+f_.»x_]+C_.+tan[e_.+f_.+x_]"2)/tan[e_.+f_.*x_],x_Symbol] :=
B*x+A*Int[1/Tan[e+f*x],x] + CxInt[Tan[e+fxx],x] /;
FreeQ[{e,f,A,B,C},x] & NeQ[A,C]

Int[(A_+C_.«tan[e_.+f_.»x_]2)/tan[e_.+f_.*x_],x_Symbol] :=
A+Int[1/Tan[e+fxx],x] + C+Int[Tan[e+f+x],x] /;
FreeQ[{e,f,A,C},x] && NeQ[A,C]
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dx when Ab2-abB+a?C#0 A a2+b>#0 A Ab-aB-bC#0

. J~A+BTan[e+-Fx] +CTan[e+1=x]2

a+bTan[e+fx]

Derivation: Algebraic expansion

A+B7:Cz> __ aAsbB-aC _ (Ab-aBbC)z , (Ab>-abB+a’C) (1+2?)

Basis: aibs | 22:b2 a2, b2 (a%+b?) (a+bz)

Rule:If Ab?-abB+a?C+0 A a?2+b*>+0 A Ab-aB-bC #0,then

A+BTan[e+ fx] +CTan[e+-Fx]2 (aA+bB-aC)x Ab-aB-bC
J dx — dx

Abz—abB+a2CJ~1+Tan[e+-Fx]2

a% + b?

JTan[e+fx] dx +

a+bTan[e+-Fx] a? + b? - a? + b? a+bTan[e+-Fx]

Program code:

Int[(A_+B_.xtan[e_.+f_.xx_]+C_.+tan[e_.+f_.+x_]*2)/(a_.+b_.xtan[e_.+f_.+x_]),x_Symbol] :=
(axA+bxB-a*C) *x/ (a*2+b"2) -
(A*b-axB-bxC) / (a*2+b"2) »Int[Tan[e+fxx],x] +
(Axb*2-axbxB+a24C) / (a*2+b"2) xInt [ (1+Tan[e+fxx]"2) /(a+bxTan[e+fxx]),x] /;
FreeQ[{a,b,e,f,A,B,C},x] && NeQ[Axbr2-a+bsB+a~24C,0] && NeQ[a~2+b2,0] && NeQ[Axb-axB-bxC,0]

Int[(A_+C_.xtan[e_.+f_.xx_]~2)/(a_+b_.xtan[e_.+f_.+x_]),x_Symbol] :=

ax (A-C) »x/ (a*2+b”2) -

bx (A-C) / (a*2+b"2) »Int[Tan[e+fxx],x] +

(a%2xC+Axb"2) / (a*2+b"2) +Int [ (1+Tan[e+fxx]"2) /(a+bxTan[e+fxx]),x] /;
FreeQ[{a,b,e,f,A,C},x] && NeQ[a"2xC+Axb"2,0] & NeQ[a~2+b"2,0] && NeQ[A,C]

2: j(a+bTan[e+-Fx])"' (A+BTan[e+-Fx] +CTan[e+fx]2) dx when Ab>-abB+a?C#0 Am<-1A a2+b%#0

Derivation: Nondegenerate tangent recurrence lawithn -9, p > 0

Rule:If Ab2-abB+a?C+0 An<-1A a%2+b?+0,then

J(a+bTan[e+-Fx])'" (A+BTan[e + fx] +CTan[e+fx]2) dx —
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(Abz—abB+a2C) (a+bTan[e+-Fx])'"+1 1

+ a+bTan[e+fx])™ (bB+a (A-C) - (Ab-aB-bC) Tan[e + fx]) dx
ot e (o) — [e+ £x])™ ( [e+ £x])

Program code:

Int[(a_.+b_.«tan[e_.+f_.+x_] ) m_« (A_.+B_.xtan[e_.+f_.»x_]+C_.xtan[e_.+f_.»x_]*2),x_Symbol] :=
(Axb”2-axbxB+a”2xC) % (a+b*Tan [e+'F*X] ) 2 (m+1)/(b*f* (m+1) » (a*2+b”2) ) +
1/ (a”2+b"2) +Int [ (a+bxTan[e+fxx]|)~ (m+1) +Simp[bxB+ax (A-C) - (Axb-axB-bxC) xTan[e+fxx],x]|,x] /;
FreeQ[{a,b,e,f,A,B,C},x] & NeQ[Axb"2-axbxB+a~2xC,0] && LtQ[m,-1] && NeQ[a"2+b"2,0]

Int[(a_.+b_.«tan[e_.+f_.+x_] ) m_« (A_.+C_.xtan[e_.+f_.»x_]"2),x_Symbol] :=
(Axb”2+a”2xC) % (a+b*Tan [e+'F*X] ) & (m+1)/(b*'F* (m+1) » (a*2+b”2) ) +
1/ (a”2+b2) +Int [ (a+bxTan[e+fxx] )~ (m+1) +Simp[ax (A-C) - (Axb-bxC) xTan [e+fxx],x],x] /;
FreeQ[{a,b,e,f,A,C},x] && NeQ[Axb"2+a"2xC,0] && LtQ[m,-1] && NeQ[a"2+b"2,0]

2: j(a+bTan[e+fX])m (A+BTan[e+fx] +CTan[e+-Fx]2) dx when Ab2-abB+a%?C#0 A mg-1

Derivation: Nondegenerate tangent recurrence 1b withm - 0, p - @

Rule:If Ab2-abB+a?C+0 A mg -1,then

C (a+bTan[e+-Fx])'"+1
bf (m+1)

J(a+bTan[e+fx])m (A+BTan[e+fx] +CTan[e+fx]?) ax — +J(a+bTan[e+-Fx])'" (A-c+BTan[e+fx])dx

Program code:

Int[(a_.+b_.+tan[e_.+f_.xx_] ) m_.x(A_.+B_.*tan[e_.+f_.»x_]+C_.xtan[e_.+f_.»x_]"2),x_Symbol] :=
Cx (a+bxTan[e+fxx])~ (m+1) /(bxfx (m+1)) + Int[(a+bsTan[e+fxx]) m+Simp[A-C+BxTan[e+fxx],x],x] /;
FreeQ[{a,b,e,f,A,B,C,m},x] && NeQ[Axb"2-axbxB+a"2xC,0] && Not[LeQ[m,-1]]

Int[(a_.+b_.«tan[e_.+f_.#x_])"m_.x(A_.+C_.stan[e_.+f_.xx_]~2),x_Symbol] :=
Cx (a+b*Tan [e+'F*X] )" (m+1)/(b*'F* (m+1) ) + (A-C) *Int[ (a+b*Tan [e+'F*x] )"m,x] /3
FreeQ[{a,b,e,f,A,C,m},x] & NeQ[Axb"2+a"2+C,0] & Not[LeQ[m,-1]]
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